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Abstract. Let G be a connected graph with vertex set V(G) = {v1,vq,...,v,} and
edge set E(G) = {e1,es,...,¢,}. The vertex set V(@) is divided into some partitions,
which are S, 55,...,5). ) and an ordered k-partition IT =
{81, 82,...,Sk}, the repre ; CEOMBs 7 (v|1T) = (d(v, S1),d(v, S2),
.,d(v, Sk)), where d(uf5; 1ce of thé V()rt(‘,x v to each partition in
II. The set I1 is said tc 1 al
for every vertex v ) j 1 0
called the partition diment \u;f-?""” , pied by PR In this seal(h we determlne
the partition dir v ¢
a C), xo Ky, gra
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The partition dimensiel 3 ' LT, ‘o by Chartrand et al. [2] in
1998. There is another co Wktric @ orm. We assume that G is a
graph with a vertex set V() st ) can be divided into any partition
set S. The set II with S € II is a resolving partition of G if for each vertex in
G has distinct representation with respect to II, and II is an ordered k—partition.
The minimum cardinality of resolving k—partitions of V(@) is called a partition
dimension of G, denoted by pd(G).

Many researchers have conducted research in determining the partition dimension
for specific graph classes. Tomescu et al. [9] in 2007 found the partition dimension
of a wheel graph. Javaid and Shokat [6] in 2008 determined the partition dimension
of some wheel related graphs, such as a gear graph, a helm graph, a sunflower graph,
and a friendship graph. Asmiati [1] in 2012 investigated the partition dimension of a
star amalgamation. Hidayat [5] in 2015 determined the partition dimension of some
graph classes, they are a (n,t) — kite graph, a barbell graph, a double cones graph,
and a Ky + (P, ® K,,) graph. Danisa [4]in 2015 found the partition dimension of a
flower graph, a 3—fold wheel graph, and a (K, X P,) ® K;. Puspitaningrum [8] in
2015 also found the partition dimension of a closed helm graph, a W,, x P,, graph,
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and a C,,, ® K1, graph. In this research, we determine the partition dimension of a

lollipop graph, a generalized Jahangir graph, and a C, % K,,, graph.

2. PARTITION DIMENSION

The following definition and lemma were given by Chartrand et al. [3]. Let G

be a connected graph. For a subset S_of V() and a vertex v of G, the distance

with respect to [1 is @ofinedsgs g WeCtor gLl (¥, ,d(u, Sa), ..., d(v,Sk)).
' ; s 7(v|Il),v € V(G) are
distinct. The mi - whic c islyresolvingsh-parfigion of V(G) is called

(3) pd(G) =3 4f
Lemma 2.2. Let 11 be a
d(v,w) for all w e V(G) —

) belong to distinct elements of 11.

Proof. Let 1T = {54, Sa, ..., Sk}, where u and v belong to the same element, say S;,
of Il. Then d(u, S;) = d(v,S;) = 0. Since d(u, w) = d(v,w) for all w € V(G)—{u, v},
we also have that d(u,S;) = d(v,S;) for all j, where 1 < j # i < k. Therefore,
r(u|IT) = r(v|II) and II is not a resolving partition. O

3. THE PARTITION DIMENSION OF A LOLLIPOP GRAPH

Weisstein [10] defined the lollipop graph L,,, for m > 3 as a graph obtained by
joining a complete graph K, to a path P, with a bridge.
Theorem 3.1. Let L,,,, be a lollipop graph with m > 3 and n > 1, then

pd(Lyn) = m.

Proof. Let V(L) = V(K,,) UV(P,), where V(K,,) = {v1,v2,...,Un_1,0,} and
V(P,) = {u1,ug, ..., up_1,u,}. Take a vertex v € V(K,,) such that v is adjacent
to uw € V(P,). Based on Lemma 2.1.1 and Lemma 2.1.2, the partition dimension
of Ly, 18 pd(Ly,) > m. Next, we show that the partition dimension of L,,,, is
pd(Ly, ) = m. For each v,u € V(Ly,,), let IT = {51, 5,..., Sy} be the resolving
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partition where S; = {v;} for 1 <i <m —1 and S,, = {vm, u1,...,u,}. We obtain
the representation between all vertices of V(L,,,) with respect to II as follows
r(vn|l) = (d(v1, S;),...,d(vy, S;)) and r(u,|ll) = (n,n+ 1,n+1,...,n + 1,0)
where

0, for S; € Il with i = m,

d maS’i =
(v ) {1, for S, € Il with ¢ # m.

Therefore, for cach vertex v stinct representation with respect

to II. Now, we show thdf the cardinality of II is 7% The cardinality of II is the

e number of k—partition

inS; forl <1 < . . k—patition in S, is 1, so we
have | II |= (m — . Sm} is a resolving
partition of L,, ,, sion of lollipop graph
is pd( L, ) = 1 O
4. THE PARTRTION AHANGIR GRAPH
Mojdeh and Ghamweshlou angir graph J,,, with
n > 3 as a graph on a cycle O, and one addi-

tional vertex which is adjag
on Cpp. Let V() = V(Con W} of V(Jyn) = VI(P,) UV(W,) where
V(Pn) = {v1,v2, ..., Upm-1)} and V(W,) = {u1,us, ..., Ups1}, we have V(Jp, ) =
{ur,ug, oo Upg1, 01, V2, o Upm—1) } With m,n € N.

Lemma 4.1. Let G be a subgraph of a generalized Jahangir graph J,,,, for m > 3,
n > 3 and 1l is a resolving partition of G. The distance of vertex uy to the other
vertices are d(uy,u;) =1 and d(uy,vg) =2 forl <i<n+1land1 <k <n(m-—1).
The distance of vertex u to the other vertex u are same, d(u;,u;) = 2 for 1 <i <
n+1,1<j<n+1andi#j.

Proof. Let uy be a central vertex of V(G) = V(J,,n). Since for each vertex wu; is
connected with central vertex, so d(uy,u;) = 1 and d(u;, uj) =2 with 1 <i <n+1,
1 <j<n+1,and ¢ # j. If vertex vy is vertex of path P, and has minimum
distance of vertex wu;, then d(uy,v) =2 for 1 <k <n(m —1). O

Theorem 4.1. Let J,, ,, be a generalized Jahangir graph for m > 3 and n > 3 then

3, forn =3,4,5;
2]+ 1, forn>6.

pd(Jm,n) — {
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Proof. Let J,,,, be a generalized Jahangir graph for m > 3, n > 3 and a vertex set

V(Jm.n). The proof can be divided into two cases according to the values of n.

(1) Case n =3,4,5

(a) Forn =3
Let a = {v1,...,vn}, b= {v1,...,vm-1}, ¢ = {Upms1, -, Vnm—1)}, and
d={Vm,...,Va(m-1)}, ther
S1 =y 1

for m = 3;
for m > 4.

J={Vm, -, V2(m=1); Dom, VW41, o3, - - - » Um—1)(n—1)—1} then
a, form = 3; d, torm =3;
Sy =4¢ b, form=25; Sy=4¢ e, form=09;
¢, form>4,m#5; f, form >4 m#9;
g, form = 3;
h, for m = b5;
Sz=1¢ .
1, form >4,m=#5,9;
j, form =09.

For n = 5 is same as above. The representations of r(u|Il) and r(v|II),
with u,v € V(J,,,,) are
r(uq|IT) = (0,2,2), r(us|Il) = (0,1, 3), r(us|Il) = (0,1, 1),
r(u,|II) = (0,3,1), r(vnII) = (1,0,4), r(ve|I) = (2,0,5),
RN T(Un(mfl),l‘ﬂ) = (0, 3, 5), T(Un(mfl)‘ﬂ) = (0, 2, 4).

So the representation of r(ul|Il) and r(v|II) are distinct and we conclude
that II is a resolving partition of J,, , with 3 elements. Furthermore, we
prove that there is no resolving partition with 2 elements. Suppose that
Jm.n has a resolving partition with 2 elements, II = {5, 5;}. Based

on Lemma 4.1, it is a contradiction. Therefore, J,, , has no a resolving
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partition with 2 elements. Thus, the partition dimension of .J,,, is
pd(Jpmpn) = 3 for n =3,4,5.
(2) Case n > 6.
Let IT = {54, 5;} be a resolving partition of J,,,, where S; = {uw;,v;}, for
1<i<n+1,1<j<n(m-1)and S; = {v}, for 1 <i < 5] +1,1 <k <
n(m — 1),k # j. The representation for each vertex on .J,,, with respect to

II as follows
r(uq|I1) = (0,2, 2,

r(unfll) = (0, §

r(vifll) = (
4,
r(Um|11) -.5),
0,...),
T(U2m| ;
(V1) '_'::‘ 4,.0..,4)
Since for es cpresentation with respect to II,
so Il is a re ¥+ 1 clghents
Next, we Stgy gt i 1. The cardinality of 11
is the number of it a ¢ 106 <4 < | 5]. The number of
k—partition in S; 1% " 30 ! mtition in S; for 1 <4 < [§] is

|%]. Weobtain | IT |= 1+
is a resolving partition of Jy, ,.

We show that .J,,, ,, has no pd(Jpn) < |5] +1. We may assume that II is
a resolving partition of J,,,, where pd(Jm») < [5] + 1. So, for each vertex

. Therefore, IT = {51, Sa, ..., S|z 41}

v € V(Jmn) has a distinct representation r(v;|II) and r(v;|II). If we select
I = {81, 52,83,...,8 |} as a resolving partition then there is a partition
class containing any 2 vertices of v;. By using Lemma 4.1, the distance of
vertex u; to the others have the same distance, and r(v;|II) = r(v;|II). It is a
contradiction. Hence, the partition dimension of J, , is pd(Jmn) = [5] +1

> 0.
forn>6 0

5. THE PARTITION DIMENSION OF A (), %9 K,, GRAPH

C, x93 K, graph with n > 3 and m > 2 is a graph obtained from edge amal-
gamation, which combine an edge of (7, ‘andan edge of K,, to be one incident
edge with vertex = and y. Vertex z and y also as owned by C),, and K,,. Let
V(Cp*2 Ky) = AUBU{z}U{y} with A € V(C,,)\{u1,us} and B € V(K,,)\{v1, v2}.
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A vertex set A = {ug,uy,...,u,} and B = {vs, vy, ..., v}, vertex & = uy * v; and
Y = Ug * Vg, S0 V(C, %9 Kppy) = {2, 9, Uz, Usgy -« ., Uy, V3, Vg, - -, Upy }-

Lemma 5.1. Let G be a subgraph of C,, %o K,, graph for n > 3, m > 2 and 11
s a resolving partition of G. Then the distance of vertex x and y to vertex v; are
d(xz,v;)) = d(y,v;) = 1 for 3 < i < m. Furthermore, x and y belong to distinct

elements of 11.

2 (€S0 DA

Proof. Let IT = {57, 55, ...
vertex x,y,v; € V(K,,)

iion of G and x,y,v; € G. Since

th 3 <@ <m, so tg distange of vertex xr and y to vertex

v; are d(x,v;) = d(y,

Proof. Let C), *,
m > 2. A vertex se
and (vy,vs2). The proof ¢
(1) Case m = 2,3, 4.
According to Lemma 2.1, the pattition dimensions of C,, %y K, are pd(Cy, *2
K,,) # 2 and pd(C,, x9 K,,) > 3.
(a) We prove that pd(C,, *o K,,) # 2. Based on Lemma 2.1.1, pd(G) = 2 if
and only if G = P,,. Since C,, %, K,, cannot be formed be a path, then
pd(C, %9 Kpy) # 2.
(b) We show that the partition dimension of C,, xq K, is pd(C,, %2 K,;,) = 3.
For each v € V(C,, %2 K,y,), let IT = {51, S, S5} be the resolving partition
where S) = {z,v3}, So = {y,vs}, and S3 = {us, ..., u,}. We obtain the
representation between all vertices of V (C,, %o K,;,) with respect to II as
follows
r(zl) = (0,1,1), r(yll) =(1,0,1), r(ull) = (d(u;, z),d(u;,9),0),
r(vs|Il) = (0,1,2), r(vg|ID) = (1,0,2),
for 3 < j < n with d(u;,x),d(u;,y) < |5]. Clearly that r(z|lI) #
r(y|I) # r(ug|Il) # ... # r(u,|ID) # r(vs|I) # ... # r(v,|1), and then
the partition dimension of C,, xg K, is pd(C,, %2 K,,) = 3.
(2) Case m > b.
Let IT = {51, 5%, ...,Sn_1} be a resolving partition of C,, x5 K,, where S =
{z,v3}, So = {y,va}, S3 = {us,...,u,}, and S; = {v;41}, with 3 <i < m—1.
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The representations of each vertex of C,, xo K,, with respect to II are
r(z|lI) = (0,1,1,...,1), r(y|lI) =(1,0,1,...,1),
r(us|Il) = (2,1,0,...,d(us,v;)), N
r(un|II) = (1,2,0,...,d(u,,v;)), r(vs|ll) =(0,1,2,...,1),

cy r(vm|I1) = (1,0,2,...,1),
with d(us|Il), ..., d(u,|lI) < |5 ]. Therefore, for each vertex v € V(Cy %2 Kyp,)
has a distinct representation with respect to Il. So, the C,, %9 K,,, graph has a

and S; for 3

The numbeu

Assume o K., pd( 5 Ky) < m—1 then
for each v@tex v (Cy, a8 distingsy cpresentation. If we choose
II={5,5%..., 3% g partit$10n oie of the partition class
contains 2 Vgrtices Vg the digance of vertex x and y

pd(Cy, *2 Kp,) = m — 1 for'm > .

6. CONCLUSION

According to the discussion above it can be concluded that the partition di-
mension of a lollipop graph L, ,, a generalized Jahangir graph J,, »,, and a C), x3 K,

graph are as stated in Theorem 3.1, Theorem 4.1, and Theorem 5.1, respectively.

REFERENCES

[1] Asmiati, Partition Dimension of Amalgamation of Stars, Bulletin of Mathematics Vol 04 no.
2 (2012), 161-167.

[2] Chartrand, G., E. Salehi, and P. Zhang, On the Partition Dimension of a Graph, Congressus
Numerantium Vol. 131 (1998), 55-66.

[3] Chartrand, G., E. Salehi, and P. Zhang, The Partition Dimension of a Graph, Aequation
Math. Vol. 55 (2000), 45-54.

[4] Danisa, O. L., Dimensi Partisi pada Graf Flower, Graf 3—Fold Wheel, dan Graf (K, X Py) ®
K;, Tugas Akhir, Fakultas Matematika dan Ilmu Pengetahuan Alam, Universitas Sebelas
Maret, Surakarta, 2015.

7 2016



On The Partition Dimension of ... M. P. K. Dewi, T. A. Kusmayadi

[5] Hidayat, D. W., Dimensi Partisi pada Beberapa Kelas Graf, Tugas Akhir, Fakultas Mate-
matika dan Ilmu Pengetahuan Alam, Universitas Sebelas Maret, Surakarta, 2015.

[6] Javaid, I., and S. Shokat, On the Partition Dimension of Some Wheel Related Graph, Prime
Research in Mathematics Vol. 4 (2008), 154-164.

[7] Mojdeh, D. A., and A. N. Ghameshlou, Domination in Jahangir Graph Ja m,, Int. J. Contemp.
Math. Sciences Vol. 2(24) (2007), 193199.

[8] Puspitaningrum, R. T., Dimensi Partisi pada Graf Closed Helm, Graf W,, x Py, dan Graf
Cm © Kj p, Tugas Akhir, Fakultas Madg
Sebelas Maret, Surakarta,.20

[9] Tomescu, I.,.1. Javaid,

watika dan Ilmu Pengetahuan Alam, Universitas

Dimension of Wheels
[10] Weisstein, 2. W.,
Boca Raton, 200

8 2016



